We investigate a dark energy scenario in which a canonical scalar field φ is coupled to the four velocity u µ c of cold dark matter (CDM) through a derivative interaction u µ c ∂µφ. The coupling is described by an interacting Lagrangian f (X, Z), where f depends on X = −∂ µ φ∂µφ/2 and Z = u µ c ∂µφ. We derive stability conditions of linear scalar perturbations for the wavelength deep inside the Hubble radius and show that the effective CDM sound speed is close to 0 as in the standard uncoupled case, while the scalar-field propagation speed is affected by the interacting term f . Under a quasistatic approximation, we also obtain a general expression of the effective gravitational coupling felt by the CDM perturbation. We study the late-time cosmological dynamics for the coupling f ∝ X (2−n)/2 Z n and show that the gravitational coupling weaker than the Newton constant can be naturally realized for n > 0 on scales relevant to the growth of large-scale structures. This allows the possibility for alleviating the tension of σ8 between low-and high-redshift measurements.
I. INTRODUCTION
The fundamental pillar in modern cosmology consists of two dark unknown components-dubbed dark energy (DE) and dark matter (DM). The simplest candidate for DE is the cosmological constant Λ [1] , with the equation of state (EOS) corresponding to w = −1. The main source for DM is nonrelativistic cold dark matter (CDM) [2] with the EOS satisfying |w| ≪ 1 to explain the observed galaxy clusterings. The ΛCDM model is regarded as the standard cosmological paradigm, but it is difficult to reconcile the observed energy scale of Λ with the vacuum energy associated with particle physics [3] . Moreover, the tension of today's Hubble constant H 0 between low-and highredshift measurements has been serious in the ΛCDM model [4] [5] [6] . A similar tension is also present for the amplitude of matter density contrast σ 8 [7] [8] [9] [10] within the sphere of radius 8 h −1 Mpc, where H 0 = 100 h km s −1 Mpc −1 .
The recent studies have shown that the presence of an interaction between DE and DM can alleviate the aforementioned tensions of H 0 and/or σ 8 [11] [12] [13] [14] [15] [16] [17] [18] [19] . In most of these works, phenomenological interacting terms like ±ξHρ DE are added to the CDM and DE continuity equations at the background level, where ξ is a coupling constant, H is the Hubble expansion rate, and ρ DE is the DE density (see Refs. [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] for earlier works). In this approach, there is no satisfactory prescription for promoting the phenomenological background equations to their fully covariant forms. In other words, the two covariant theories which give rise to the same background equations can lead to different dynamics of cosmological perturbations. This pauses a problem of how to define the perturbed quantities properly [30] , which is related to unphysical instabilities of perturbations reported in Refs. [31, 32] .
On the other hand, the Lagrangian formulation of coupled DE and DM is not plagued by this problem in that the interacting terms are uniquely fixed both at the levels of background and perturbations. In this vein, the theories of coupled DE and DM were constructed in Refs. [33] [34] [35] [36] [37] [38] [39] [40] by using a so-called Schutz-Sorkin action [41, 42] in the DM sector (see also Refs. [43, 44] for nonminimally coupled DM). The perfect fluid of CDM can be described by the Schutz-Sorkin action containing physical quantities like the fluid density ρ c and the four velocity u µ c besides Lagrange multipliers. This prescription has an advantage of dealing with both scalar and vector perturbations in the fluid sector on any space-time background [45] [46] [47] [48] [49] .
If a scalar field φ is responsible for the DE sector, the first possible interacting Lagrangian is of the form L int1 = − √ −gf 1 (φ, X)ρ c (n c ) [34, 40, 50] , where g is the determinant of metric tensor g µν , f 1 is a function of φ and X = −∂ µ φ∂ µ φ/2, and ρ c depends on the CDM number density n c . The φ-dependent coupling f 1 arises from nonminimally coupled gravitational theories after the conformal transformation to the Einstein frame [51, 52] . In the Einstein frame, this theory corresponds to the coupled DE and DM scenario originally advocated in Refs. [53, 54] (see also Refs. [55, 56] ). Inclusion of X dependence in f 1 leads to different dynamics of background and perturbations [40, 50] .
The other possible coupling between DE and CDM is a field derivative coupling to the fluid four velocity, which is quantified by the scalar combination Z = u µ c ∂ µ φ. The interacting Lagrangian containing the linear dependence of Z in the form L int2 = √ −gf 2 (n c , φ)Z was proposed in Ref. [35] . Recently, this was further extended to include the X dependence in f 2 [40] . More general coupled DE and DM theories with the nonlinear dependence of Z were studied in Refs. [33, 36] . In Ref. [38] , it was shown that the quadratic interacting Lagrangian of the form L int2 = √ −g Z 2 can lead to an interesting possibility for alleviating the problem of σ 8 tension by suppressing the growth of large-scale structures. This property comes from a pure momentum transfer between DE and DM.
In this paper, we will study the cosmological dynamics of coupled DE and DM for the interacting Lagrangian
where f is a function of X and Z. The DE and DM sectors are described by a nonminimally coupled scalar field with a potential V (φ) and a perfect fluid with the Schutz-Sorkin action, respectively. Unlike the analysis of Refs. [35, 37, 40] , our interacting theory contains the nonlinear dependence of Z. Moreover, it can accommodate the coupling f (Z) = Z 2 mentioned above as a special case. It is also possible to include the dependence of φ in f , but this does not crucially modify the dynamics of perturbations. On the other hand, inclusion of the n c dependence in f generally gives rise to a nonvanishing CDM sound speed [37, 40] , so we do not take it into account to avoid causing a problem for the structure formation.
We will obtain the full linear perturbation equations of motion in a gauge-ready form and identify conditions for the absence of scalar ghosts and Laplacian instabilities. The effective gravitational couplings of CDM perturbations are also derived for general functions f (X, Z) under a quasi-static approximation on scales deep inside the Hubble radius. We then propose a concrete model of coupled DE and DM and study the late-time cosmological dynamics of background and perturbations. We show that the structure growth weaker than that in the ΛCDM model is naturally realized and that our coupled DE and DM model is versatile enough to be compatible with measurements of the cosmic growth rate.
II. KINETICALLY COUPLED DE AND DM THEORIES
We consider a canonical scalar field φ with a potential V (φ) derivatively coupled to the CDM with the scalar combination,
where u µ c is the CDM four velocity 1 . The interacting action is taken to be of the form
f is a function of X = −∂ µ φ∂ µ φ/2 and Z. This coupling f accommodates the linear dependence in Z [35, 37, 40] as well as the quadratic interaction Z 2 [33, 38] . We assume that there are no direct couplings between the scalar field and baryons/radiations. The gravitational sector is described by the Einstein-Hilbert action S g = d 4 x √ −g (M 2 pl /2)R, where M pl is the reduced Planck mass and R is the Ricci scalar. The total action is then given by
The second integral corresponds to the Schutz-Sorkin action of perfect fluids [41, 42] describing the CDM, baryons, and radiation, which are labeled by c, b, r, respectively. The energy density ρ I depends on the fluid number density n I . The vector field J µ I is related to n I according to
The four velocity of each fluid is given by
which satisfies the relation u Iµ u µ I = −1. The scalar quantity ℓ I is a Lagrange multiplier associated with the conservation of particle number, with the notation ∂ µ ℓ I ≡ ∂ℓ I /∂x µ . Variation of the action (2.2) with respect to ℓ I leads to
5)
which holds for I = c, b, r. We note that the quantity Z = J µ c ∂ µ φ/(n c √ −g) depends on the CDM number density through n c and J µ c . Varying the action (2.2) with respect to J µ c , it follows that
6)
1 Instead of Z, we can adopt the scalar combination Y = J µ c ∂µφ as in Ref. [40] . The difference between Y and Z is the factor nc √ −g, which is constant on the cosmological background discussed in this section.
where the comma in subscripts represents a partial derivative with respect to the scalar quantity represented in the index, e.g., f ,Z ≡ ∂f /∂Z. The corresponding relations for the baryon and radiation are ∂ µ ℓ I = ρ I,nI u Iµ , with I = b, r.
We study the cosmological dynamics of coupled DE for the perturbed line element given by [57] 
where a(t) is the time-dependent scale factor. The scalar perturbations α, χ, ζ, and E depend on both t and x i . We do not take the tensor perturbation into account in Eq. (2.7), but it propagates in the same manner as in standard general relativity. The scalar field φ is decomposed into the background partφ(t) and the perturbation δφ, as
where we will omit the bar in the following. From Eq. (2.5), the particle number N I of each fluid is conserved at the background level. The temporal and spatial components of J µ I are expressed, respectively, as
where δJ I and δj I are the scalar perturbations. We define the velocity potentials v I according to
On using Eq. (2.6), there is also the following relation
up to first order in perturbations. We define the density of each fluid in the form ρ I = ρ I (t)+δρ I , where the perturbed part is given by where
is the pressure of each fluid. We focus on the case in which the weak energy condition ρ I +P I = n I ρ I,nI > 0 is satisfied for I = c, b, r. The background equations of motion can be derived by considering the time-dependent perturbations α(t), ζ(t), δφ(t) and expanding the action (2.2) up to first order in these variables. This process leads to
where H =ȧ/a is the Hubble expansion rate, a dot represents the derivative with respect to t, and
The interaction between CDM and the scalar field corresponds to the momentum transfer [33, 38] , in which case there are no direct couplings appearing on the right hand sides of their continuity equations. More explicitly, we can write the continuity Eq. (2.18) in the form
Provided that q s = 0, Eq. (2.21) can be solved forφ. We define the DE equation of state w DE and the effective equation of state w eff , as
As we observe in Eqs. 
III. SECOND-ORDER SCALAR ACTION AND PERTURBATION EQUATIONS
We derive the full linear perturbation equations of motion for the coupled DE and DM theory introduced in Sec. II. In the gravitational sector, we use the general perturbed line element (2.7) of scalar perturbations. In the following, the notation ε n is used to describe the n-th order of perturbations.
Defining the fluid sound speed squared,
the energy density ρ I (n I ) can be expanded in the form
The explicit expression of δn I is given by Eq. (3.12) of Ref. [40] . We also expand the interacting Lagrangian f (X, Z), as
Note that we used Eq. (2.11) for the derivation of Eq. (3.5). Expanding the action (2.2) up to quadratic order in perturbations and using the background Eqs. (2.16)-(2.18), the resulting second-order action yields
where
The Lagrangian L f arises from the coupling f (X, Z).
In the following, we derive the linear perturbation equations in Fourier space with the comoving wavenumber k. Variations of the action (3.6) with respect to nondynamical variables α, χ, v c , v b , v r , and E lead, respectively, to
Varying the action (3.6) with respect to dynamical fields δφ, δρ c , δρ b , δρ r , and ζ, it follows thaṫ
Eliminating the second time derivativeζ from Eqs. (3.12) and (3.17), we obtain
where Ψ and Φ are gauge-invariant Bardeen gravitational potentials [57] defined by
From Eq. (3.20) , there is no gravitational slip for the coupled DE and DM theory given by the action (2.2). The perturbation equations (3.9)-(3.12) and (3.14)-(3.17) can be applied to any gauges of interest, i.e., they are written in a gauge-ready form [58, 59] .
IV. STABILITY CONDITIONS AND EFFECTIVE GRAVITATIONAL COUPLINGS
In this section, we derive stability conditions for dynamical scalar perturbations by eliminating nondynamical variables. We also obtain effective gravitational couplings felt by CDM and baryons for the perturbations relevant to the growth of large-scale structures.
A. Stability conditions
In order to discuss conditions for the absence of ghosts and Laplacian instabilities of scalar perturbations, we choose the unitary gauge characterized by
Under this choice, the gauge-invariant quantities,
reduce to R = ζ and δρ Iu = δρ I , respectively. We first solve Eqs. (3.9)-(3.11) for nondynamical perturbations α, χ, v c , v b , v r . Eliminating these quantities from Eq. (3.6) and integrating it by parts, the second-order action reduces to
where K, G, M , B are 4 × 4 matrices, with
The matrices M and B contain the leading-order components of order k 0 . For sufficiently small scales within the validity of linear perturbation theory, the nonvanishing components of K and G are given, respectively, by
, (4.5)
where q s is defined by Eq. (2.22) . Under the weak energy condition ρ I + P I > 0, there are no ghosts for the baryon and radiation. The no-ghost conditions for the curvature perturbation R and CDM density perturbation δρ cu correspond, respectively, to
Under the condition (4.7), the background field Eq. (2.21) can be solved forφ. The Z dependence in the coupling f affects the no-ghost condition (4.8) of CDM. The sound speed squares c 2 b and c 2 r are equivalent to G 33 /K 33 and G 44 /K 44 , respectively. To avoid small-scale Laplacian instabilities of the perturbations R and δρ cu , we require that
(4.10)
In the limit c 2 c → 0, it follows thatc 2 c → 0. Hence the gravitational clustering of CDM perturbations is not prevented by the effective sound speed squaredc 2 c . The X and Z dependence in f gives rise to the value of c 2 s different from 1. The above stability conditions were derived by choosing the unitary gauge, but we confirmed that they are the same for other gauge choices, e.g., flat and Newtonian gauges.
B. Effective gravitational couplings
We derive the effective gravitational couplings felt by CDM and baryons for linear perturbations relevant to the growth of large-scale structures. For this purpose, we consider the case in which the pressures and sound speed squares of both CDM and baryons vanish, i.e.,
We also introduce the following gauge-invariant variables,
together with the gravitational potentials (3.21). The radiation perturbation is neglected in the following discussion. The density contrasts of CDM and baryons are given by
Then, we can write Eq. (3.11) in the formδ 
We first express the other perturbation equations derived in Sec. III in terms of gauge-invariant variables introduced in Eqs. (3.21), (4.12), and (4.13). Then, we employ the quasi-static approximation for modes deep inside the sound horizon, under which the dominant contributions to the perturbation equations are those containing δ cN , δ bN , and k 2 /a 2 . We do not neglect the field mass squared V ,φφ to accommodate the case in which the field is heavy in the past. Under this approximation scheme, Eqs. (3.9) and (3.14) give
where µ M ≡ V ,φφ a 2 k 2 . Under the quasi-static approximation, the terms containingΦ andΦ in Eqs. (4.17) and (4.18) can be neglected relative to other terms. The Z dependence in f modifies the standard term (k 2 /a 2 )Ψ in the left hand side of the CDM perturbation Eq. (4.17). The effective gravitational coupling of CDM is also affected by the termδ φ N , which contains the second derivativeδ cN from Eq. (4.20). We eliminate the termsδ φ N , δφ N , Ψ in Eqs. (4.17) and (4.18) by using Eqs. (4.20) and (4.22) . This process leads tö
where G = 1/(8πM 2 pl ) is the Newton gravitational constant, and
.
(4.25)
The effective gravitational couplings for CDM and baryons are given, respectively, by
The Z dependence in f generally gives rise to the CDM gravitational couplings G cc and G cb different from G. If r f > 0, then we have G cc = G cb < G. The baryon gravitational couplings G bc and G bb are equivalent to G, but the growth of δ bN is affected by CDM perturbations through the density contrast δ cN in Eq. (4.24). For the scalar field relevant to dark energy, the field mass squared V ,φφ in the late Universe is typically of order H 2 0 . In this case, the quantity µ M is much smaller than 1 for the perturbations deep inside the Hubble radius today. In the massless limit (µ M → 0), we have
which is a key quantity for studying the evolution of matter perturbations at low redshifts.
V. CONCRETE MODEL
We propose a concrete model in a class of coupled DE and DM theories given by the action (2.2) and study the cosmological dynamics of background and perturbations. In Ref. [33] , the interaction of the form f = βZ 2 was proposed, where β is a constant. In this case, the coupling f gives rise to the contribution βφ 2 to the background DE density (2.19) and pressure (2.20) . We propose the extended version of this coupling, which is given by
where β and n are constants. The interacting DE and DM scenario studied in Refs. [33, 38] corresponds to the power n = 2. Since X =φ 2 /2 and Z =φ at the background level, the coupling ( 
which show that the modification from the interaction appears only through the term βφ 2 . Since ρ DE and P DE do not contain the power n, the background dynamics is independent of n. As we will see below, this is not the case for the evolution of cosmological perturbations.
It is also possible to consider the more general coupling f = β( √ 2X) m Z n , whose background value is βφ m+n . If m + n = 2, then the coupling term βφ m+n scales in a different way compared to the kinetic energyφ 2 /2. Then, the former can dominate over the latter either in the early or late cosmological epoch. In this paper we will not study such general cases, but we focus on the power satisfying the condition m + n = 2.
Let us consider CDM and baryons satisfying the conditions (4.11). For the coupling (5.1), the stability conditions (4.7), (4.8), and (4.9) reduce, respectively, to
For positive values of β and n, the inequalities (5.4) and (5.5) trivially hold 2 . In this case, the condition (5.6) translates to 1 + β(2 − n) ≥ 0, which is automatically satisfied for 0 ≤ n ≤ 2. If n > 2, the constant β needs to be in the range 0 ≤ β ≤ 1/(n − 2).
A. Background dynamics
To study the background cosmological dynamics, it is convenient to define the dimensionless variables,
Then, the Hamiltonian constraint (2.16) translates to
On using the background Eqs. (2.17) and (2.18), we obtain the following dynamical equations,
where a prime represents the derivative with respect to ln a. The equations of state defined in Eq. (2.23) reduce to
The variable λ obeys the differential equation
where Γ = V V ,φφ /V 2 ,φ . The exponential potential
corresponds to the case in which Γ = 1. In this case, λ does not vary in time, so the dynamical system (5.9)-(5.12) is closed.
Let us discuss the cosmological dynamics for the exponential potential (5.15) . The fixed points relevant to the radiation and matter eras correspond, respectively, to P r : (x 1 , x 2 , Ω b , Ω r ) = (0, 0, 0, 1) and P m : (x 1 , x 2 , Ω b , Ω r ) = (0, 0, 1 − Ω c , 0). The critical point responsible for cosmic acceleration is given by 3
, 0, 0 , (5.16)
with Ω c = 0, and
The cosmic acceleration occurs for w eff < −1/3, i.e., Hence the DE dynamics is identical to that of the canonical field ϕ with the exponential potential V 0 e −λϕ/M pl . The positive coupling β works to reduce the value of the effective slopeλ of potential.
In Fig. 1 , we plot the evolution of w DE versus z + 1 for λ = 1 with five different values of β, where z = a 0 /a − 1 is the redshift with today's scale factor a = a 0 . We have chosen the initial conditions x 1 ≫ x 2 in the deep radiation era, in which case w DE starts to evolve from the value away from −1. However, w DE approaches the value close to −1 before the onset of matter era. After the dominance of DE density over the matter density, w DE starts to deviate from −1. For increasing β from 0, the deviation of w DE from −1 at low redshifts tends to be smaller. Thus, even for λ = O(1), the coupling with β > 0 allows an intriguing possibility for the better compatibility with observational data (see Ref. [60] for recent observational constraints on uncoupled quintessence with the exponential potential). 
B. Evolution of perturbations
We proceed to study the evolution of perturbations for the modes relevant to the growth of large-scale structures. Since the scalar potential V is at most of order M 2 pl H 2 , the field mass squared V ,φφ can be estimated as V ,φφ = λ 2 V /M 2 pl λ 2 H 2 . To realize the late-time cosmic acceleration, we consider the potential whose slope is in the range |λ| O (1) . Then, the quantity (4.21) is at most of order µ M (aH/k) 2 , which is much smaller than 1 for perturbations deep inside the Hubble radius. Hence we set µ M = 0 in the following discussion.
For the function (5.1), the gravitational couplings of CDM are given by G cc = G cb = G/(1 + r f ), where
Provided that the Laplacian instability of scalar perturbations is absent, the quantity r f is positive for βn > 0. When β > 0 and n > 0, the other stability conditions (5.4) and (5.5) are also automatically satisfied. This means that, for positive β and n in the range 1 + β(2 − n) > 0, both G cc and G cb are smaller than G. Fig. 1 . For perturbations, we consider the wavenumber k = 375a0H0 with σ8(z = 0) = 0.811. We also show the observational data of f σ8 with error bars constrained from the RSD measurements [61] [62] [63] [64] [65] [66] [67] [68] .
In the left panel of Fig. 2 , we plot the evolution of G cc /G for λ = 1 and β = 1/4 with five different values of n. Since the background dynamics is independent of n, the five cases shown in Fig. 2 give the same background evolution. For λ and β chosen in the simulation of Fig. 2 the quantity (5.19) reduces to r f = 3x 2 1 Ω −1 c n/(6 − n), where x 1 and Ω c are solely determined by the background. As the power n increases in the range 0 < n < 6, r f gets larger and hence G cc and G cb decrease. Indeed, this property can be confirmed in the numerical simulation of Fig. 2 . If n = 0, then the coupling (5.1) does not contain the Z dependence, in which case G cc = G cb = G. The Z dependence in f allows the possibility for realizing the CDM gravitational coupling smaller than G. Since the quantity (5.19) diverges in the limit n → 2 + 1/β, the largest effect for reducing G cc and G cb occurs around n = 2 + 1/β. From Eqs. (4.23) and (4.24), the density contrasts of CDM and baryons obey
During the deep matter era in which the scalar-field densities are suppressed relative to the CDM density (x 2 1 ≪ Ω c , x 2 2 ≪ Ω c ), the quantities r f and c are much smaller than 1. In this regime, both δ cN and δ bN grow according to δ cN ∝ δ bN ∝ a. After the DE density dominates over the CDM density, the deviations of r f and c from 0 tend to be significant. On the fixed point (5.16), we have G cc = G cb → 0 and c → 3 − λ 2 /(1 + 2β). Under the condition (5.18) , this asymptotic value of c is larger than 1. Numerically, we confirmed that the coefficient 1/2 − 3w eff /2 + c in front of the friction term δ ′ cN in Eq. (5.20) remains positive during the transition from the matter era to the DE dominance. For r f > 0 the CDM gravitational coupling G/(1+r f ) decreases from G at low redshifts, so the growth rate of δ cN is smaller than that for r f = 0. The gravitational coupling of baryons is equivalent to G, but δ bN is affected by the CDM perturbation through the quantity Ω c δ cN in Eq. (5.21) . Defining the total matter perturbation as δρ mN = δρ cN + δρ bN with the background density ρ m = ρ c + ρ b , the corresponding density contrast is
where Ω m = Ω c + Ω b . The growth rate of matter perturbations is given by f ≡δ mN /(Hδ mN ) = δ ′ mN /δ mN . Today's values of CDM and baryon density parameters are Ω c ≃ 0.27 and Ω b ≃ 0.05, respectively, so the dominant contribution to δ mN comes from the CDM perturbation.
In the right panel of Fig. 2 , we plot the evolution of f σ 8 for five different cases, where the Planck2018 best-fit value σ 8 (z = 0) = 0.811 [5] is used in the simulation. For increasing n the values of f σ 8 at low redshifts decrease, by reflecting the fact that G cc and G cb get smaller. In comparison to the ΛCDM model in which f σ 8 is quite large for z < 1 relative to the observational data constrained from redshift-space distortion (RSD) measurements, our interacting model alleviates this tension by reducing the values of f σ 8 . Moreover, the model is sufficiently versatile in that almost any cosmic growth rate weaker than that in the ΛCDM model can be realized by appropriately choosing the values of n and β.
From Eqs. When r f > 0 the growth rate of δ mN is smaller than that for r f = 0, so the gravitational potentials in the former decay faster than those in the latter. Indeed, this property is confirmed in our numerical simulation. The suppressed gravitational potentials at low redshifts, together with the absence of gravitational slip, are key features for probing our model further from the observations of weak lensing.
VI. CONCLUSIONS
We studied the cosmology of coupled DE and DM theories given by the action (2.2). The scalar derivative interaction with the CDM four velocity, which is weighed by the scalar combination Z = u µ c ∂ µ φ, gives rise to several different features in comparison to the scalar field coupled to the CDM density of the form f 1 (φ)ρ c . At the background level the coupling f (X, Z) modifies the DE density and pressure in the forms (2.19) and (2.20) , but the interacting terms do not explicitly appear on the right hands of DE and CDM continuity equations. This is attributed to the fact that the interaction between DE and DM in our scenario corresponds to the momentum transfer [33, 38] .
In Sec. III, we expanded the action (2.2) up to second order in scalar perturbations and derived the quadratic-order action in the form (3.6) with the Lagrangians (3.7) and (3.8) . We then obtained the full linear perturbation equations of motion in the gauge-ready form. The gauge-invariant gravitational potentials Ψ and Φ obey the relation (3.20) , so there is no gravitational slip in our coupled DE and DM theories.
In Sec. IV, we derived conditions for the absence of scalar ghosts and Laplacian instabilities by eliminating nondynamical perturbations from the second-order action (3.6) . They are given by the four conditions (4.7)-(4.10) in the small-scale limit. The effective CDM sound speed squaredc 2 c vanishes in the limit c 2 c → 0, so the structure formation is not prevented by the gradient termc 2 c k 2 /a 2 . Under the quasi-static approximation for the modes relevant to the growth of large-scale structures, we obtained the effective gravitational couplings felt by CDM and baryons in the forms (4.26) and (4.27), respectively. As long as the quantity r f defined by Eq. (4.28) is positive, the CDM gravitational couplings G cc and G cb are smaller than the Newton constant G.
In Sec. V, we studied the late-time cosmological dynamics for the explicit DE and DM coupling of the form (5.1). At the background level, the effect of interactions appears only through the derivative term βφ 2 in ρ DE and P DE . For the exponential potential V (φ) = V 0 e −λφ/M pl , the positive coupling β leads to the dark energy equation of state closer to −1 relative to the uncoupled case. Provided that 1 + β(2 − n) > 0, the stability conditions (5.4)-(5.6) of scalar perturbations are satisfied for positive values of β and n, withc 2 c ≃ +0. Since r f > 0 in this case, the gravitational interaction with CDM is weaker than that for β = 0. This property manifests itself in the suppressed growth of the total matter density contrast (5.23) . For given values of β and λ, f σ 8 tends to be smaller with the increase of n. As we observe in Fig. 2 , this allows the low growth rate of δ mN being compatible with RSD measurements even with the Planck best-fit value of σ 8 .
We have thus shown that the dark interaction f (X, Z) provides an interesting possibility for realizing the cosmic growth rate weaker than that in the ΛCDM model. In particular, the coupling (5.1) can alleviate the tension of σ 8 between low-and high-redshift measurements by suppressing the values of f σ 8 in the range z 1. It will be of interest to study in detail how much extent the coupling (5.1) reduces the tensions of σ 8 and H 0 present in the ΛCDM model. We leave observational constraints on our interacting model for a future work.
